TRANSACTIONS OF THE

AMERICAN MATHEMATICAL SOCIETY

Volume 350, Number 10, October 1998, Pages 4127-4148
S 0002-9947(98)02326-5
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AKITAKA KISHIMOTO AND ALEX KUMJIAN

ABSTRACT. Let A be a simple unital AT algebra of real rank zero. It is
shown below that the range of the natural map from the approximately in-
ner automorphism group to KK (A, A) coincides with the kernel of the map
KK(A, A) — @j_, Hom(K;(A), Ki(A)).

1. INTRODUCTION AND PRELIMINARIES

1.1.  An automorphism « of a unital C*-algebra A is said to be an approximately
inner automorphism if there is a sequence of unitaries u, € A such that a(a) =
lim Adu,(a) for all a € A. Tt follows that the induced map on K,.(A) is the
identity map; there is, however, an invariant of K-theoretical interest which can
occur. Nontrivial extensions may arise in the six-term periodic sequence for the
K-theory of the mapping torus. We show below that every extension does arise
if A is a simple unital AT algebra of real rank zero. As an immediate corollary
we obtain a stronger form of Elliott’s classification theorem for such algebras: an
invertible K K element that preserves positivity and the class of the unit lifts to an
isomorphism.

1.2. Recall that a unital C*-algebra A is said to be a unital AT algebra if it
is expressible as the inductive limit of finite direct sums of algebras of the form
M,, ® C(T) with unital embeddings. Let A be a unital AT algebra and let a be an
approximately inner automorphism of A. The mapping torus of a is the C*-algebra

My ={z € C[0,1]® A: a(x(0)) = z(1)}.
It will be convenient to identify S A, the suspension of A, with the kernel of the
map of evaluation at zero, eg : M, — A. From the short exact sequence:

0 - SA - M, =% 4 = 0
one obtains the usual six-term periodic exact sequence:

Ko(SA) — Ko(Ma) — Ko(4)

K1T(A) — Ki(Ma) < Kl(lSA)
In identifying K;(SA) with K;11(A) the index maps become id —a,. (cf. [B, 10.4.1]);
further, as « is an approximately inner automorphism one has ., = id and the index
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maps are zero. Consequently, the six-term periodic exact sequence reduces to a pair
of short exact sequences:
0 — Ki+1 (A) — Ki(Ma) — Kl(A) — 0

for ¢ = 0,1. Let n;(«) denote the class of this sequence in Ext(K;(A), K;+1(4)).
Since A is an inductive limit of type I C*-algebras, A is in the bootstrap class, and
thus the universal coefficient theorem of Rosenberg and Schochet (see [RS, 1.17])
applies: that is, the following is exact:

0— P Ext(Ki(A), Kis1(A4)) 2 KK (4, A)
1=0

1
. @D Hom(K;(A), Ki(A))—0.
1=0

Rordam observed (see [Rg, p. 435]) that §(no(a), m(a)) = 1—[a], where [a] denotes
the class of a in KK (A, A). Since the product of any two elements in ker~ is 0
([RS, 7.10]), one has n;(a8) = n;(a)+n;(8) for approximately inner automorphisms
a, 3.

1.3. Since A is a unital AT algebra, both Ky(A) and K;(A) are torsion free and
so the extensions above are pure (i.e. locally trivial). Given a pair of countable
abelian groups P, Q; if Q@ = lim Q,, (with connecting maps f, : @, — Qnt+1) one
has the following short exact sequence for Ext(Q, P) (cf. [Ro]):

0 — lim' Hom(Q,,P) — BExt(Q,P) — limExt(Qn,P) — 0.

If Q is torsion free, the @, may be chosen to be isomorphic to Z**; in this case
Ext(Qn, P) = 0 and one has the isomorphism

lim" Hom(Qy, P) = Ext(Q, P).

In showing that every Ext class arises from the K K-class of an approximately
inner automorphism, it will be useful to have an explicit form for this isomor-
phism. Note that l(igll Hom(Q,,, P) may be identified with the cokernel of the

map, [[, Hom(Qn, P) — [], Hom(Qy, P), where (g,) — (gn — gn+1fn). Given
(gn), we construct an extension

0O - P - EFE —- @ — 0

as follows: set E, = P @ @, and define h, : E,— E,11 by h,(p,q) =
(p+9n(q), fn(q)); then E = lim E,, gives the desired extension. If P = lim P, then,
by passing to a suitable subsequence (and relabeling), one has E = lim P,, @ Q.

We will have occasion to consider inductive systems of short exact sequences;
such an inductive system will consist of a sequence of short exact sequences:

O - P, — E, — @, — 0
together with maps between them such that the following diagram commutes:

| l |

O - Pn+l - n+1 — Qn+l — O
Note that the limit of the inductive system is again a short exact sequence:
0O - P - EFE —- Q@ — 0



THE EXT CLASS OF AN APPROXIMATELY INNER AUTOMORPHISM 4129

1.4. In §2 we compute the class of the two extensions arising from the K-theory
of the mapping torus for certain approximately inner automorphisms of a unital
AT algebra (see Theorem 2.4). Here we do not assume that the C*-algebra A is
simple or has real rank zero. The unitality is not essential either if we define an
automorphism to be approximately inner when it is so in the algebra AT obtained
by adjoining a unit to A, since A™ is again an AT algebra (see [E, §1]). The maps
that determine the extensions keep track of the Kj-class of u,1u,* for the various
partial embeddings (this gives the maps Ko(A,) — Ki(A)) as well as the Bott
number for approximately commuting unitaries (see [Ex]): it may be assumed that
Un+1 approximately commutes with the canonical central unitaries of A,, (this gives
the maps Ki(A,) — Ko(A)).

Definition. Given two unitary n x n matrices U and V with ||[VUV*U* —1|| < 2,
there is a selfadjoint matrix H with ||H|| < 1/2 such that VUV*U* = 2™ Then
define the Bott number of the pair by B(U, V) = Tr(H).

Since det(VUV*U*) = 1, it follows that Tr(H) € Z. Note that B(U,V) =
w(U, V), where w(U,V) is the winding number of the loop (see [Ex, Lemma 3.1]
and [EL]):

t = det((1 — YUV +tVU) = det(UV) det(1 — t + tVUV*U*).

Thus, the Bott number is invariant under homotopy of pairs of unitaries for which
the norm of the commutator is less than 2. Moreover, if ||V;UV;*U* —1|| < 1 for
i =1,2, then B(U,ViVa) = B(U, Vi) + B(U, Va).

1.5.  We proceed to the main result, Theorem 3.1, in §3. Let A be a simple unital
AT algebra of real rank zero; we show for ¢ = 0,1 that, given

n € Ext(K;(A), Kit1(A4))

there is an approximately inner automorphism « for which n;(a) = n and 7,41 (a) =
0. The proof is divided into the two cases i = 0, 1 and proceeds through a sequence
of lemmas; one must for example show that an extension is expressible as an induc-
tive limit of groups of the form Z**®Z"*" in a way that makes all relevant diagrams
commute.

1.6. With A as above, K((A) is a simple dimension group and K;(A) is a (count-
able) torsion free group. K;(A) is thus expressible as the inductive limit of a system

Zkl X1 Zk2 X2 Zk3 _

with x9(j,k) > 0 for all j,k and n. We may assume that image of Z*1 contains
the class of the unit [14] € Ko(A). We show below that, under mild assumptions
on the x!, A is expressible as an inductive limit of certain maps ¢,, : 4, — An11,
where K;(A,) = Z" and (¢,). = (x%, x}) and the partial embeddings of ¢,, are
given by the standard maps described below. These maps are closely related to
those arising in the path model constructed by Deaconu in [D].

Let ko, k1 be integers with ko > 0. Define ¢y, ., : C(T) — My, ® C(T) by

0O 0 --- zk
1 0 ... 0
Pko, k1 (u)(z) =
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for k1 # 0, and define ¢y o by

@ 0
Proolu)() = < o Plho/21,-1 >
0 T

Note that when K;(C(T)) is identified with Z, (¢, x, )« is given by multiplication
by k;. We will refer to ¢, ,, as a standard embedding of type (ko,k1). Note
that under the assumption kg > 0 the image of the unitary generator v of C(T)
has small spectral variation in My, ® C(T); indeed, if k&1 # 0 the spectrum of
©ro.ky (V) (2) consists of the k" roots of 21, where z € T. To avoid cumbersome
notation we let ¢, . also denote the map M,, ® C(T) — M, ® My, @ C(T) (where
T®am 8 g, 4 (a)
A unitary v € M,, ® C(T) is said to be normal if there are integers p,q with

p # 0, ¢ > 0 and ¢|n such that the eigenvalues of u; (for t € T = R/Z) are
e2mipt+r)/a for r = 0,1,...,q — 1, and each eigenvalue occurs with multiplicity
n/q. Observe that the spectral variation of u,

sup dist(o(us),o(u)),

s,teT
is w/q, where o(u) denotes the spectrum of the unitary « counted with multiplicity
and distance is given by the arc length metric. Note that ¢, (v) € M, ® C(T)
(where v is the unitary generator of C'(T)) is normal with parameters p, g.

Fact. Suppose v € M,, ® C(T) is a normal unitary with parameters p, ¢, and
Proky + Mn ® C(T) — My @ My, ® C(T)

is a standard embedding with k1 # 0. Then ¢y, ;. (v) is normal in M, ® My, @ C(T)
with parameters pk1 /1, gko/l, where | = ged(p, ko). Hence if kg > [p|, then ¢, 1 (v)
has small spectral variation.

We proceed to the construction of A using standard embeddings. By passing to
a subsequence if necessary we may assume that M (x%, ;) > max(2L(x}), 4), where

M{(x) = nin x; j and L(x) = max x|

for a matrix y. Choose a preimage of the unit [14] € Ko(A) in Z* and denote its
it" coordinate by [1,1]; set [n + 1,i] = > o (i, 9)[n, 4], An = @]Z’;l M, 1 ® C(T)
and define ¢, : A, — A, 11 to be the block diagonal sum of standard embeddings
of type (x%(4,7), X% (i,7)) (that is, the partial embedding from the j** summand of
A, to the i*" summand of A, is of the above type). Since the partial embedding
from a central summand in A, to a central summand in A,, with m > n is a
sum of composites of standard embeddings, a central unitary is mapped to a sum
of normal unitaries which by the above assumption must have uniformly small
spectral variation; it decreases by a factor of two at least when embedded into the
next level (we require M(xh.,) > 4 to deal with the case x}(¢,7) = 0). Then
lim A,, is a simple AT algebra of real rank zero (small spectral variation guarantees
real rank zero — see [BBEK, 1.3]). Hence, by Elliott’s classification theorem for
simple real rank zero AT algebras (cf. [E, 7.1]), A = lim A,,.

1.7.  In Corollary 3.13 we establish a sharper version of Elliott’s theorem: given
two unital simple AT algebras of real rank zero, A and B, then an invertible
element in KK (A, B) which preserves positivity and the class of the unit lifts to
an isomorphism.
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1.8. The attempt to understand an invariant for approximately inner automor-
phisms of simple unital AT algebras of real rank zero introduced by Elliott and
Rgrdam (see [ER, 4.5]) stimulated our interest in the question addressed in the
present work; their analysis of the invariant for the case of the Bunce-Deddens
algebra (see [ER, 4.12i]) was particularly helpful. We thank George Elliott for sev-
eral valuable conversations; we also wish to thank the staff of the Fields Institute,
where much of this work was done, for their hospitality.

1.9. Some notational conventions: as usual we let N, Z, R and T denote the
natural numbers, the integers, the reals, and the complex numbers of unit modulus.
For m € N, let {e;} denote the canonical basis in Z™; a homomorphism y : Z"—Z™
will be confused with the m x n matrix x; ; (or x(¢,7)) for which x(e;) = >, xi,j€-

2. THE EXTENSION CLASS OF AN APPROXIMATELY INNER AUTOMORPHISM

2.1. Let A be an AT algebra given as the limit of an inductive system of circle
algebras {A,, ¢,,,}, where A, = EBﬁ’;lAn,k, Anr = My ® C(T) and ¢,,, :
A, — Ap is a unital homomorphism for m > n; to simplify notation write ¢,, in
place of ¢, ,. Also, let i, denote the canonical homomorphism from A, to
A. Let v, 1 be the unitary in A, which restricts to the canonical central unitary

n

in the k** summand and the identity in the other summands. Let {emfk} denote
the canonical family of matrix units for the k™ summand and let Dn,k denote the
projection onto the k* summand (so ppr = 3, el"). Set R,, = {e?j’]~C :1<4,5<
n,kl,1 <k <k,}U{vnr:1<k<k,}and S, =R,Uep,_1(Sh—1), where Sy is
the empty set.

2.2. We consider a family of approximately inner automorphisms and determine
the resulting Ext classes in the following theorem. Let o, = Adu, be an inner
automorphism of A,, where w, is a unitary in A,; «, and J,, > 0 are chosen
inductively as follows: If ¢ and ¢’ are homomorphisms from A,, to A,,1 such that
llo(x) — @' (2)]| <, for € Ry, then ||p(z) — ¢’ (2)|] < 27" for z € S,,. Choose
Q1 such that

1 0 @n(€f) =m0 al (i)l < 8u/32[n, Kkn,
llon 110 @n(Unk) = @n 0 ap(vnk)ll < 0n/32

(1)
for [ = £1. Since R,, generates A,, the limit
W0 B0 0 G (1) = lim_ Ady () (B, ()
exists for all € R,,. One defines a homomorphism « : |J,~, @, (4,)—A by
AFa(@) = 1B © 01 © Py (2)
for x € A,; note that o extends to a unital endomorphism. Since o @, (z) =

lim®,, o ! 0B, (x) for x € A, defines a unital endomorphism 3 of A and
aofop,(x) =7p,(x) for x € S,, it follows that « is an automorphism of A.
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2.3. We view elements of A,, as matrix valued functions on k,, copies of T (the
size of the matrix may vary). Since
lan41 00, (Vn5) = @ (0n )l <277,
the Bott number B(p,,(vn,;)(ti), Unt1(t)) (see 1.4) is well-defined (where ¢; is the
basepoint of the i*" copy of T in the spectrum of A, 41). For the purposes of com-
puting the Bott number we may suppose that u,41(¢;) commutes with ¢, (pn,;)(¢:)
(by perturbing it slightly) and so regard both ¢,, (v, ;)(¢;) and upn41(e;) as unitaries
in @, (Pn,j) (L) Mint1,:95 (Pn,j)(ti). Since the image of A, ; in
P (Pr.j) (46) M1, 0 (P, 5) (1)

almost commutes with ¢, (vp,;)(¢) and wunpq1,, (u))(2s), it follows that

B(@y(0n,3)(ti), unt1(2i)) = B(@y (0n,3)(4i), ung (i), (u ) (1)
is a multiple of [n,j]. Fori=1,... ky,y1 and j =1,...  k, set

1/)2(2,]) _ { B(‘Pn(vn,j)(u),oun+1(Li))/[n,j] i)fﬂi’;iﬁ’;g)p”“vi £0,

(note that this is an integer) and

WL (i) = [P (Prj)tns1Pnt1i @ (Unpng))i /10 5] 3 @, (pnj)Pnt1s # 0,
nAn 0 otherwise

where [-]; denotes the class of an invertible element in

K1 (@5 (Pn.j)Ant1,i0n (P ;) = Z.
Since Un1Pn11,i@, (U),Pn,;) almost commutes with the image of A, ; = M, j,
W¥l(i,7) is again an integer (for n sufficiently large).
K;(A) is given as the inductive limit of the sequence
zh X, gk X gk

RN ©

where x!, = (¢,,)«, viewed as a k,41 X k, matrix with integer entries (note that
X (i, ) > 0).

2.4. Theorem. Let A, A,, a, an, ¥, X} be as above. Then for i = 0,1 the
extension

0 — K1+1(A) — Kl(Ma) — KZ(A) — O

is obtained as the inductive limit of the sequence

0o — zZ+ 5 zk g zZM L oz 0
Xt Xt it I Ixi,
0 — an+1 _t an+1 ® an+1 _P an+1 —~ 0

! ! s !

where ¢ is the embedding onto the first summand Z*" and p is the projection onto
the second summand ZF" for each n; note that in each case Kg is regarded as an
ordered abelian group (while Ky is regarded as an abelian group).
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2.5.  We proceed now to the proof of the theorem. For the inner automorphism
oy, of A, the six-term periodic sequence for the mapping torus M,, reduces to two
trivial short exact sequences:

0 — Kii(4,) — Ki(M,,) — KiA,) — 0

for i = 0,1; note that K;(A,) is naturally isomorphic to Z** for i = 0,1. The iden-
tification of Ko(M,,) (resp. K1(M,,)) with Z*®Z*" as ordered abelian groups
(resp. abelian groups) proceeds as follows: Let v : [0,1] = U(M2® A,,) be a contin-
uous path of unitaries with

w, 0 10
=0 w0 P70 1)

For oy € Ma, ®M -1 set

2 onr @ = ()0 )

One checks that

(z@y)™(0) = (zoy)~ (1);
thus (x®y)~ may be regarded as an element of C(T) ® My ® A,,. This defines
an embedding of M, ®M, -1 into C(T) ® M2 ® A,. Since the image of the map
M,, —=C(T)® My ® A, (by x +— (z$0)7) is a full hereditary subalgebra, we ob-
tain an isomorphism,

K.(M,,)~K.(C(T)® My ® A,).

To identify K;(C(T) @ My ® A,) with Z*F@Z*" it suffices to identify K;(C(T) ®
Ms ® A, 1) with ZOZ in the usual way — note that

C(T) ® My @ Ay, = C(T) @ My ® M, ) ® C(T) =~ My, 4y @ C(T?).

The class of a unitary u € Maj, 5 ® C(T?) is identified with ([u(-, 1)]1, [u(1,)]1)
(where the first variable is identified with the parameter in the mapping torus
construction) and the class of a projection, p € Map, 3 ® C(T?), is identified with
(ch(p),dim(p)), where ch(p) is the first Chern class of p and dim(p) is the dimension
of p. Under this identification a nonzero element (m,n) is positive if and only if
n > 0.

2.6. Lemma. With identifications as above the extension
0 - Kin(4,) — K(M,,) — K4, — 0,
fori=20,1 is isomorphic to
0 — Zk
where 1(a) = (a,0) and p(a,b) = b for a,b € ZF».

L

Zhngzhe Loz o0

Proof. Let u be a unitary in A, and let w : [0,1] > U(M>2 ® A,,) be a continuous
path of unitaries with

u 0 10
w= (5 )=o)

Set e; = wy(1®0)w;; then e is a projection in My ® (SA)™ and the map K;(4,)—
Ko(M,,), is given by [u] — [e] — [1] (see [B, 8.2.2]). By the above identification
the second component of [e¢] — [1] zero. Since the second component of Ko(Ma,)
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corresponds to dimension, the map Ko(M,, ) — Ko(A,) is just the projection onto
the second component.

Let p be a projection in A,. Set u; = (e — 1)p + 1. Then u is a unitary
in (SA)~ C M,, , and [p] maps to [u] under the map Ky(A,) — K1(M,, ). Set
u(t) = ve(ur ® 1)vy, where {v;} is as above (see equation (2)); we now compute [i]q
(in K1(C(T) ® Ma ® Ay,)). Since @(1) = 1, the second component of [a] must be
zero. The winding number of

t— det@(t)(1;) = det((€*™ — 1)p(;) + 1)

with @(t) evaluated at the point ¢; in the spectrum of A, is just dimp(s;) =
dim(p - pp,i). Thus the first component of [@] is equal to [p]. Let v be a unitary in
M,, , and set

a(t) = ve(ur @ D)oy

t
Then, since 4(1) = u; ® 1, [u] = (x,[u1]) maps to [u1] under the map K1(M,, ) —
Ki(Ay). O

2.7.  We now define a homomorphism from M,, to M,, . This is done by using

the fact that ¢,, o a,, and a,41 © @,, are homotopic (as homomorphisms from A,,
to Ap41). The induced map, K;(M,, ) — Ki(Ma,,,,) (for i =0,1), is computed in
the following lemma.

Recall that we have chosen {a,} so that

|len+1 0 Spn(e?j)k) —¥p 0 O‘n(e?fk)” < 0n/32[n, KKy,
llont1 0 @ (Unk) = 5 0 (Vi) < 0n/32.
We assume that d,, > 0 is sufficiently small in the following. Set

)

k ik
xr = Z Qp41 O @n(ez )gpn o a"(e?i )
ik

then ||z — 1|| < §,,/32, and the unitary v; = z|z|~! in A, 41 satisfies
Adwvr 0 g, 0 an(e™) = ant1 09, (e")
and |Jv; — 1| < 6, /16 (for large n). It follows that for i # j
[|[Advi o, o an(e?j’k) — Qp41 © cpn(efjk)H < 58,,/32[n, k|k,, < 53,,/32.

Now set

Vg = Z Ad U1 0@, O ozn(e?l’k)an_,_l [e] gon(e?l’k)’
ik
then vy is a unitary such that [[va — 1| < 56,,/32 and Advev; 0 @, © ozn(e?j’k) =
Qipy1 © gpn(e?j’k). Since ||vav; — 1]| < 76,,/32, there is a self-adjoint h € A,,11 such
that 27||h|| < §,/4 and vav; = €27 Since

||Ad e’ o Pn © O‘n(vn,k) — Op410 @n(vn,k)” < 150,/32,

there is a self-adjoint hy, € Ap41 such that 27| |hi|| < 166,,/32 and €*™"* =, 0
0 (Vnk)Ad ™ o o an(vy, ). For t € [0,1] we define a homomorphism v; :
A, — Anqq as follows: for 0 <t <1/2; set

v = Ade' ™ 0 o, 0.y = Ad (€0, (1)) 0 0,
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and for 1/2 <t < 1, set
n,k
ij )

Vi (Un k)

mle i1 00, (€55,

eZTri(Zt—l)hkAd eZﬂ'ih 0, o an(vn,k)-

Note that v, is well defined, t — v (z) is continuous for all z € A,,, vy = ¢, © @,
and v1 = apy1 0 @,,. Moreover, ||l (x) — ¢, 0 an(z)|] < 27" for all x € S, (since
l|[ve(x) — ¢, 0 an()|| < 0y for x € Ry,). Define ®,, : My, — M,, ., by

_f enlali==)), 0<t<1-—27",
2a(2)(0) = { Von(t—142-n)(2(0)), 1-27"<t <1

2.8. Lemma. Let ®,, be as above. Then, for i = 0,1, (9,,)s : K;(M,,) —
Ki(M,,.,) is given by
VAR ® ZM
il it
Zhner @ ghken

Proof. We deal with the case i = 0 first. Let u € A,, be a unitary and {w;} a
continuous path of unitaries in My ® A,, from udu* to 1. Set e; = wi(1B0)wy.
Since eg = 140, @, (e) is equivalent to the projection defined by t — ¢,, (e+), which
is defined by ¢,,(u) in the same way as e is defined by u. Since ®,(1) = 1 and [u]
is mapped to [e¢] — [1], this shows that x} gives the map from the first summand of
Ko(Ma,,) to the first summand of Ko(M,, ) (a similar argument shows that x9
is the analogous map for i = 1).

Let p,, i be the central projection in A,, as before. Regarding p,, 1, as a projection
in M,,,, we have

[pn,k] - ([unpn,k]a [TL, k]) S Z@Z C an@zk",

where Z®Z is mapped to the k' summand of (Z®Z)*» = Z*®Z*". Let {v;} be a
continuous path of unitaries in My® A,, 41 from Un1Duy 1 to 1. Since up1®uy, 4
almost commutes with ¢, (pn.k)®¢,, (Pn,k), We can assume that v; almost commutes
with ¢, (Pn,k)Pe,(Pnk) for all t € [0,1]. It follows that the class of @, (py, k) in
ZF 1@ ZFr 4 s the equivalence class of ¢+ vy(p,, (Pn.k)@0)v; composed with a
short path from ¢, (py £)B0 to ant1 0 @, (Pn,k)P0. Since this corresponds to the
invertible element ¢, (Dn k)Unt1@,Pnk) + 1 — @, (Pnk), the first component of
(@0 (pn,k)] 18

[0 (Pr k) Unt10, (D)1 = [0 (Prge)Un+10,, (U3) 00 (Prge )1 + [©, (Wn )@, (Prk) 1

= (wflz (4, k)[nv k] + X111 (4 k)[unpmk])iv

where [-]; denotes the Kj-class of an invertible element. The second component
of [®,,(pn.k)] is the Ko-class of ¢, (pn.k), i-e. (X2 (i, k)[n, k]). This takes care of the

case ¢ = 0.
Regarding v, ;, as an element of M,, , it follows that [®,, (v, k)] is the class of

Ut v (P (vni)(t)®1)v)
in K1(C(T) ® My ® Ap+1). Evaluate U at ¢; (the base point of the i'" copy of T
in the spectrum of A,,4+1) and let w; be the winding number of
t = det(ve(e:)(Pr (Vi) (E, 1) BL)ve (1))
= det(Pp (vnk)(t, L)DB1).
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By the definition of ®,,(vy k), w; is equal to Tr(hy(e;)), where hy, is defined by
e = a0, (vn k) Ad ¥ 0 0, 0, (V] 1)

with hj small. Since

e—271'zi1627rzh;c eZTrzh _ e—27rzh —2mih

Unt1 P (Un k) - (€77 ng1)" - 0 (Un k)",

if follows that w; is equal to

By (vn) (1), €2 D 11(6)) = B0 (0n,0) (1), (1)) = 00 (6, k) [, K],

Note that [U(0)] = [p,(vnr)]; thus, [®n(vnk)] = (¥n(i k)0, k], x5, (0, k) [n, K]
Since [v,.1] = (0, [n, k]) € ZOZ C ZF»®Z" | the proof in the case i = 1 is complete.
(]

2.9. Lemma. For any x € M, , the limit

n’

mli_1>noo Prtm © Prgm—1 00 Dp(z)

exists in C[0,1] ® A and defines a homomorphism of M,, to M,.

Proof. Given z € M,,,, then for all t € [0,1], @, 1 © Ppym—10--- 0 Pp(x)(t)
converges, say to Z(t); one has Z(1) = a(Z(0)) and #(0) = 2(0). It also follows that
convergence is uniform on [0,¢] for all t < 1. For z € S,, the family of functions,
{@rimo®Prim—10-- 0@y (x)(t) : m > 0} is uniformly continuous in a neighbourhood
of t = 1. Hence convergence is uniform for all x € M,,,. |

2.10. We conclude the proof of the theorem. By the previous lemma we have
a homomorphism g, : My, — M, such that p, = pn41 0 ®,. Let E denote the
C*-inductive limit, lim,, M, ; there is a homomorphism g : E— M, such that
L = O ®,,, where ®,, : M,, — E is the canonical map. We show that p is an
isomorphism.

If ker u # 0, then ker N im ®,, # 0 for some n. Let € M,, be such that
po ®,(x) = pn(x) = 0; then, since p,(x)(t) = B, (z(t/sn)) for 0 < t < s, where
sp=[127(1—27%) > 1—27"F1 if follows that B, (z(t)) = 0, and thus ®,,(z)(t) =0
for 0 <t <1—27"" Since ®,(x) = ®,, 0 Pyyp(x) for m > n, it follows that
@, () = 0; thus, p is injective.

Let x € M, with z(0) € $,(Sk) for some k and € > 0. There exist an n and
y € C[0,1] ® A,, such that ||z(t) — @, (y(t))|| < e. Since

@1 © ctm © 9, ((0)) — B, (y(1)) ]
< ||¢m O Qm O @mn(y(o)) — Qo @m ° (pmn(y(o))”
+ [l 02, (¥(0)) — el (0) [ + [[z(1) = 2, (y (1))l
< €ém + 26,

where €,,—0 as m—oo, we may take a small modification of y around ¢ = 1 and
obtain, for sufficiently large m > n, y € C[0,1] ® A,, such y(0) € S, B,,(y(0)) =
x(0), y € My, , and ||z(t) — B, (y(¢))|] < 3e. If m is sufficiently large we have that
(B ((8) — fim(m)(E)]| < Te, since pun(y) is obtained by extending ¢ — ,, (y(2))
beyond ¢t = 1 up to 1/s,, with s,, defined above and rescaling it; the extended
part is within a sphere of radius 2% centered at $,,(y(1)). Thus we have that
||z — pm(y)|| < 11le. This implies that p is surjective.
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3. REALIZATION OF AN EXTENSION CLASS
BY AN APPROXIMATELY INNER AUTOMORPHISM

3.1.  The proof of the following theorem will be divided into two cases; the case
17 = 1 will be dealt with in sections 3.8 and 3.9 and the case i = 0 will be handled
in 3.11.

Theorem. Let A be a simple unital AT algebra of real rank zero, and let i =0 or
1. Then, given an extension

0 - K;1(A) - E — K4 — 0,
there is an approximately inner automorphism o of A such that

0 - KA — KM, — KA — 0
is equivalent to the above extension and
0 — Ki(4) — Kipn(M,) — Kiyai(A) — 0

is a trivial extension. That is, for every element n € Ext(K;(A), Ki+1(A)) there is

an approximately inner automorphism « of A such that n;(a) = n and ;11 (a) = 0.

3.2. Lemma. Given x € My,,(Z) and a subgroup W of Z™ with im x "W = {0},
there is a constant ¢ > 0 such that for any ¢ € M, (Z) with ker vy D ker x there is
ay € My(Z) such that

kery D W and [(¢ —yx)(i,5)| < ¢
fori=1,... m, j=1,... n.
Proof. Let r = rank x and let by, ... , b, be generators for Z™ such that xby, ..., xb-
generate YZ" and xb; = Ofori = r+1,... ,n. We denote by U the invertible matrix
in M,,(Z) defined by (b1 - -+ by,).
Let W be a maximal subgroup of Z™ such that
WNimy = {0}, W > W.

Then W is isomorphic to Z™™". Let a; = xb; fori = 1,... ,r, and let rg1y--- 5 0m
be generators for W. Define a matrix V € M,,(Z) by V = (a1 --- a,,). Note that
the determinant det V is non-zero and that |det V| > 1 if im y + W # Z™. Then y
can be expressed by

X = VE~TU_1,
where E, is the canonical rank r matrix in Myn(Z) with 1 on the first r diagonal
elements and 0 elsewhere. Since ker ¢ D ker x, ¥ can be expressed as

o= (@) - (b)0 - 0)EUT
= (1) - ()0 0)V .
Note that for any 71,... ,n, in Z™ the matrix
y=(m 00 0)(det V)V
is such that vy € M,,(Z) and kery D W > W. We choose 17; € Z™ so that
[[(det V)™ 4b(bs) — milloo < 1/2,
where ||z o = max |z;| for z € R™. Then defining v as above, we obtain that

¥ —yx = {(det V)7 (¢p(b1) -+ (b)) 0--+) = (1 -+ 1 0 -+ 0)H(det V)V 'y
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and
(b =)@, 5) < e,
where
¢=max1/2) | det V|- [V} (k, Dx ()],
J Kl
which does not depend on . O

3.3. Let 1 be a countable torsion-free abelian group. Then there exist a sequence
I, of positive integers and an inductive system

gh X, gl X gl 7

for which the inductive limit is isomorphic to G, such that
rank X711+1X1lz = rank x5,

forn=1,2,3,.... Since rank X711+1,m = rank x} . for n > m, we have that ker x. N
im x2,, = {0} for n > m. Thus we obtain a constant ¢, = ¢ for the pair x. . and
ker x! by the previous lemma. We set

Cp = max{cgm : n >k >m},
which forms an increasing sequence. We always assume that ¢, > 1.
Later, for a sequence k, of positive integers with k, > [,, we define another
inductive system

X3 X3
Zk1 1 Zkz 2 Zkg _

by extending x! with 0s, i.e., defining Y. by

an LN Zln X_?l"b> Zln+1 L an+1
where p (resp. ¢) is an obvious projection (resp. embedding). The inductive limit is
the same as before. Since ker ¥4, ; = t(ker x4, ;)@ Z" 7!+ and im ¥, € Z" @0,
we retain the same constant ¢, as before for this new inductive system.

Let Gy be a simple dimension group other than Z. Then there exist an increasing
sequence m,, of positive integers and an inductive system

0 0
zm Loz X 7™

for which the inductive limit is isomorphic to G (as ordered abelian groups), such
that

My, > I, M(X3) > nen,
where M (x) = min; ; x(i,j) for a matrix x with non-negative entries. The extra
conditions placed on the inductive system can be handled easily.

3.4. Lemma. Given an extension
0 — Ko4) - E L K4 — 0

as in the theorem, there exist an increasing sequence ky, of positive integers and
inductive systems
71 X_i> 7k2 X_§> Zks
fori=20,1 and
Zh @ zh ke o ZF W2, ks o ZF ...
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such that M(x%) > ne,, with ¢, defined for the sequence X% as in 3.3, 1, is of the
form n(a,b) = (x5 (a) + ¢¥3(b), x7,(b)), ker ¢ D kerx;,, rank x;,41 X, = rank x;,,
and the given short exact sequence is isomorphic to the inductive limit of the se-
quence

0 — zZ L zhgzh L, 70 5

X?l 1l lX%
0 — Zk L zkgzk L, 7k

! ! !

We may also assume that M (x5, ) > max(2L(x}), 4) for all n.

Proof. For G; = K;(A) we choose inductive systems as in 3.3, Z"™* —Z™?— ...
for i = 0 and Z"—Z"2—... for i = 1, with all the properties specified there.
We shall choose a subsequence k(n) of positive integers and homomorphisms (,, :
77k @ Zl"—>E, TN RSO Zin 7t @ Zln+t for each n such that the
diagrams

0 — Zmem _“, ka(n)®zl7l N Zln 0

72(7[,)1« Cnl Ix
0 - Ky4) — E — Ki(A) — 0
and
yARICOWEN Zln ﬂ, Z (A1) @ Zln+1
Cnl lCn+1
E = E

are commutative, M(xg(nﬂ)k(n)) > ney, (and M(Xg(n—&-l)k(n)) > max(2L(x}_,), 4),
for n > 1) and

ker 0 O ker x}, ker¢, D ker(yg(n) ®xL),
where ¥5,(a,0) = (X (n11)k(n) (@) + ¥ (0), X5 (b)). Once this is done, we set &, =

Mi(n) (> In) and replace the inductive system Z'' 72— ... for Ki(A) by

1
zk X gke

as specified in 3.3. We also redefine (,, ¥, in the obvious way. The required
properties are retained under this change, and thus the proof will be complete.

We prove the above assertion by induction. Let k(1) = 1. Since im ¥} is torsion-
free, it is isomorphic to Z" for some r < I;. Hence we can find a homomorphism ¢
of im7] into E such that g o ¢ = id and define (; by

Gi(a,0) = LoXi(a) + ¢ oxi ().
Then the required properties for (; are immediate. Suppose that we have con-

structed k(1),...,k(n), C1,...,Cn, and ¥, ... , 1,1 with the required properties.
We then find a homomorphism ¢ : im > 41— F such that go¢ = id. Choose a basis

bi,... b, € Z'" so that X\ (b1),..., XL (b,) generates imy. = Z" and Y. (a;) = 0
for r < ¢ <1,. Then it follows that
n(0,b5) — ¢ o X (bi) € L(Ko(A)).

for all 1 <4 <, (note that ¢, (0,b;) = 0 = ¢oxp(b;) fori > r). Since |J—, imX}) =
Ko(A), there is a k(n + 1) > k(n) such that the left hand side is contained in
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L(imyg(m_l)) for all ¢+ — we also require that M(Xg(n+l)k(n)) > maX(2L(X}1_1)= 4)
for n > 1.
We define (41 : 7R+ @ Zintt g by
Cnt1(a,b) = £ 0 X g1y (@) + ¢ 0 Xy 11 (B):

it follows by construction that ker ¢, 41 D ker(yg(n ) @ Xn.1)- Then there exist
p; € Z™*+tD guch that

Gn(0,0:) = Gg1 (0, X0, (b)) = Cn(0,b5) — § 0 X (bi) = 0 Xips 1) (Pi)-
We assume that p; = 0 for ¢ > r and define ¢, : Zin S ZMEeD by
7/’2+1(bi) = Pi-
Since the b;’s form a basis, ¥, is well-defined; moreover, ker0,; D ker Y, =
ker x» 41, Where the last equality follows from the assumption rank L +1X111 =

rank 1. Since k(n + 1) > n + 1 and hence Ch(nt+1) = Cny1 (from the definition
of ¢,), it follows that

M(Xg(n+l)) > k(n+ 1)Ck(n+1) > (n+ Denta,

where the first inequality follows from the choice made at the beginning of the proof.
Since the commutativity of the diagrams follows immediately, this completes the
induction. O

3.5. By passing to a subsequence one may further assume that M(x%) > L,c, for
arbitrarily large L,,. First note that for n > m,

wnm(av b) = 1/1n—1 ©-:-0 1/’m(@a b) = (X?zm(a’) + wfozm(b)a X}Lm(b))v
where 0 ZFm —ZF+1 is defined by

n—1

gm(b) = Z X?L,k—i—l oYy o X]lcm(b)'

k=m

Thus it follows that kery?, D ker. = kerxl . In this way we show that by
passing to a subsequence n; in the situation of 3.4 all the algebraic conditions are
retained and the estimate on M (x2) is improved as follows:

M(X?z]urlnj) > M(X?z]url—l) > (nj+1 - l)cn]‘+1—17

where (cy,,,-1) can be regarded as (c;) for the sequence (X}Ljﬂnj) and njpq — 1
can be made arbitrarily large.

3.6. Lemma. Suppose that the extension
0 — Ko(4) - E L KA — 0
is obtained as the inductive limit of
0 — zv L zhezm L ZM 0
x4l Pl Ixd
0 - zF 5 zRkezk L ZM - 0
1 ! 1
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where 1, is of the form vn(a,b) = (x%(a) + ¥0(b), x5 (8)). Let v, € My, (Z) be
gwen for allm > 1 and define a homomorphism @, : VALY A RN A
the same way as Vb, with ¥° replaced by

Pn = Yn T XnVn — Vnt1Xn-
Then the extension obtained as the inductive limit of the above system with @, in
place of ¥y, is isomorphic to the original extension.
Proof. Define a homomorphism v, : ALY A L A by
vn(a,b) = (a+ v,(b),b).

Then vp4+1 © ¢, = ¥y, 0 vy, by computation. Thus (v,) induces an isomorphism of
the inductive limit E’ for (¢,) onto E as required. One can show this by direct
computation, or it also follows from the following commutative diagram by knowing
that both rows are exact:
0 - Ko(4) — E — Ki(4) — 0
I | I
0 - Ko(4) —- E — Ki(A) — 0

|

3.7. Lemma. Let ¢ be the standard n-times around embedding of C(T) into M, ®
C(T) and let u be the canonical unitary of C(T). Then for any k € {0,1,--- ,n—1}
there is a unitary v € M,, ® C(T) with [v] = 0 such that vp(u)v* = e /"y (u).

Proof. Recall that ¢ has the form

0 0 z
1 0 0
ou)(2) = o
0 1 0
and define
W0 0
0 w! 0
v = )
o 0 ... nl
where w = €2™/™, Then Adv(p(u)) = we(u). O

3.8. Proof of the theorem for the case i = 1. By Lemma 3.4 we may express the
short exact sequence.

0 — Ko4) - E L K4 — 0
as the limit of an inductive system of short exact sequences:

0 - 7z Y zh g zZ0 2 7z 9
X1l g I Ixi
0 — zZF L zk g 7zk 2, 7z
! s !
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where M(x%) > Lyc, for all n and some constant L, > n, ker¢)) O keryl,
rank x} X5 = rank xp, and M (X%, ;) > max(2L(x}), 4) for all n. Note by 3.5
that these properties hold with arbitrarily large L,, when passing to a subsequence.

We choose a subsequence of the above inductive system, replace 0 so that
|99 (i,7)| < ¢, holds (Lemma 3.2) without changing the inductive limit (Lemma
3.6), and construct circle algebras A, = @le M, 1) @ C(T) for each level of the
subsequence, embeddings ¢,, : A, — A,41 by using standard embeddings (see
1.6), and unitaries u, € A, such that ¢, induces x% : K;(4,) — Ki(Ant+1),
Adupt109, = p, 0Adu, as described in the first theorem (which depends on how
small [¢7 (7, )| /M (x3) < Ly* i8), [un+1, 0, (Pnj)] =0,

[Unt1Pn+1,iP5 (UnPn )1 =0
in K1(¢y,(Pn.j)Ant1,i0, (Pn,;)) and
B (vn,j)(63) unt1 (1)) = ¥y (i, ), -

Let A denote the inductive limit of A; — Ay — A3z — ...; then, by Elliott’s
classification theorem (cf. [E, 7.1]), Ao is isomorphic to A (by 1.6 the condition
M(x2,1) > max(2L(x;,), 4) for all n guarantees that A, has real rank zero), and
the limit o = lim Ad %, (u,,) defines the desired automorphism « of A,. Note that
no(a) = 0 by the above properties of [uy].

Let uy; be an arbitrary unitary in A; with [u1] = 0. The construction now
proceeds inductively; suppose that Ai,...,An, ©1,...,©n_1, 01,---,0n—1, and
U1, ..., U, have been chosen so that condition (1) on a1 © ©m = ©m © Quy, holds

with oy, = Ad ty,. Recall that Sp41 = Rimt1Uep,,(Sm) and R, are the generators
for A,,. O

3.9. We note the following lemma, without giving its proof.

Lemma. Let F' be a finite subset of A,. For any € >0 there is a § > 0 such
that for any two homomorphisms ¢, from A, into another C*-algebra B, if
[lo(x) — @' (x)]| <& for all x € Ry, then ||p(x) — ¢'(x)|| <€ forx € F.

By applying the above lemma for F' = S,, and € = 27" we obtain § = 4,, > 0.
Then, by passing to a subsequence (see 3.5) and modifying 42,49 by using 3.2
and 3.6, we may assume that

2m(L(yp) +1)/M(xp) < 6,/32,

where L(t) = max; ; [¢(i,j)|. Note that the modified ¥{_; satisfies the condition
ker40 | D kerx}. ;. Define an embedding ¢, : A, — Apy41 so that the partial
embedding from A, ; to A,41, is a standard embedding of type (x% (i, ), x5 (i, 5))
(see 1.6). Using 3.7 choose a unitary

kn kn41
Un+1 € @n(@ M[Lj] & 1)’ N @ M[n+1,i] ®1C An+1
=1 i=1

such that

0. . 0/: -
Ad v g1 09, (0ng)pni1i = ™D g (0 )pr gy
in the case x2(i,) # 0, and

~Y 6271'7:(11 /b1

Advpt1 0 @, (Unj)Prt1,i = ©by1(Vnj) B 2miaz /b

Pbs,~1(Vn;j)
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in the case X}z(lvj) = 0, where Spn(vnj) = Qthl('Unj)@SDbg,—l(vnj)a a1 = ng(lvj)/%ﬂ
by = |x2(i,5)/2], a1 +az = Y0 (i, 7), and by + ba = X% (4, §) (see 1.6). In either case
it follows that [vn 11, (Pn.j)h = 0 in Ki(9,(Pn.j) Ant16,,(Pn,j)), and

B (vnj) (1), unt1(4)) = ¥ (i, 4)[n, 1],
[[Ad vnt1 0 0 (Un,5) — @5 (Vi )| < 65/32,
Adwv,iq0 @n(ezik) = wn(e;;-’k).
Setting tun+1 = Vnt19, (un) completes the induction.
3.10. Lemma. Given an extension as in the theorem,
0 - K (4 - E L Ky4) — o
there exists an increasing sequence ky, of positive integers and inductive systems
zh X, gk X% gk
fori=20,1 and
Zhezh L ghezb P2 ghezh
where X2 is positive, and 1, is of the form 1, (a,b) = (xL(a) + ¥} (), x2(b)) for

each n, such that the given short exact sequence is isomorphic to the inductive limit
of the sequence

0 — zh 5 zhezh L& 7Moo

xil ¥1l Ix8
0 — Zk L, Zkegzke L, 7k

! ! !

Before going into the proof, note that E has a natural order, a € E is positive
if g(a) is a non-zero positive element of Ky(A) or a = 0, and that E is a dimension
group with respect to this order. Define an order on yALNEY AL by (a,b) > 0 if
b>0, b#0or (a,b) = 0; observe that v, preserves order and that the inductive
limit is isomorphic to E as an ordered abelian group. This is how Ky(M,) is
obtained as an inductive limit in 2.4.

Proof. There is an increasing sequence {l,,} and inductive systems

gh S gl & gl
with limit K;(A) for ¢ = 0,1 (as an ordered group for i = 0).
First, we find a homomorphism (; such that the diagram
0 — zhv L zhezh ozZM 0
al al 1&
0 - Ki(4) — E — Ko(4) — 0
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is commutative. Set k; = I;,m(1) = 2 and #) = &,; suppose that we have an

increasing sequence {k1,...,k,} of positive integers and commutative diagrams:
3)
Zimy ., glne e — Zlmey
Aol AL el e <
A X_ql, 7k2 X_;, Zks . ... ., gk
and
Zk azh Y1, Zk2 7k EN s Zkngghkn
1 | 1
E = E = = E
and

0 - zZh Y zZhgzh L 7ZM 0 S 0
071 Gl 163
0 — Ko4) — E — Ki(4) — 0

for j = 1,2,...,n, where ¢; is of the form ;(a,b) = (xj(a) + ¥;(b),x} (b)), and
05 = Emi) © -
Choose a; € E such that g(a;) = £,,(,)(ei). By the commutativity of the diagram

zhozie L g Jn gine
Cnl 0] ! E?n(n)
E - Ko(4) = Ko(4)

we have fori =1,...,k,

Gn(0,€5) = Y 0 (i i)ay € (K1 (A)).
J
Since K1(A4) = U, ima, these elements are contained in L(imfin(n +1y) for some
m(n+1) >m(n). Let kni1 = lp(n)lm(nt1), and index the coordinates in ZFnt1 by
(5,t), s =1,...,lmmt1), t = 1,. .., l;m(n). Define 5;  Zlm s Zknt1 by

1 . ,
1 !/ — fm(n-‘rl)m(n) (S, t) lf t = t N
Pal(e:0),8) { 0 otherwise,
and
1 ift=¢,
0 otherwise.

(.0 = {

Define v ,; : ZFn+1 o Zlmern) by
1 ifs=¢
1 - ’
Ynt1(8's (5,1)) = { 0 otherwise,
and

0 t) ifs=¢
0 (s (s.8)) =4 Emntmn) (5 ’
7n+1 (S ) (Sa )) 0 otherwise.

These are defined so that v}, 06}, = &n(n+1)m(n)» the quotient Z*m+1 /im 69 has no
torsion, and 7, ; is surjective. Diagram (3) may now be extended in the following
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way:
—  Zlmm —  Zlmetn
(4) Ael i
— Zkn X gk
where x% = 8%~
Since 4y (e;) = Y, e(s) and thus Z?n(n)(et) =00, (X, ees)) (where 67,
Fm(nﬂ) o i 1), there exist a(s4) € E such that a; = Y ag ) and q(agss))

09 41 (e(s,r))- Since

=1

6m(n+l) (Zlm<n+1)) = 9111+1 (an+1)

and
X ((5,1),1) = 0p((s, 1), t)ym (t,8) = 1o (t,0),
we obtain
¢n(0, ;) Z'yntz Zast = (n(0,e;) — an s,t), 69n+1(Zk"“).

Thus there exist (¢} ((s,t),4)) such that the left hand side equals
Z '@[1711((57 t)v z')6‘111-‘4-1 (e(sat))'
s,t

Define v, : Z@Z" — ZFr+1 @ZFn+1 by
Un(a,b) = (xn(a) + ¥, (0), X7 ()
and define (41 : Z¥ 1 @ZM 1 — B by

Cn+l(e(s7t)7 e(.s/7t’)) =1t0 931-1-1 (e(S,t)) + a’(Slyt/)'
Then one checks that

an@zkn ﬂ) an+1@zkn+1
¢l Cnl
E = E
and
0 — Zkr 4y Zk"“@Zk"+1 Lok
0h 41l Cny1l 10041
0 - Ki(4) — E — Ko4) — 0

are commutative.
For example, since

¢n(ei70) = (Z X}z((svt)vi)e(s,t)a0> )

X}z((‘s?t)vi) = 61171(n+1)m(n)(87t)’7’r17,(t7i)7
—1
9111+1 (e(syt)) = gm(n-l—l)(es)?
it follows that
<n+1 O1/’n(€i70) = ZXn S, t L09n+1 ZFYn t Z Lo mn)(et)

= o gm(n) O’Yn(ei) =t0 en(el) = Cn(ehO) ]
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3.11. Proof of the theorem for the case i = 0. By Lemma 3.10 we may assume
that the extension
0 - K4 — E — Kyl — 0

is obtained as the inductive limit of the sequence

0 — zZM Y zhog zkh 2, 7k

xil xil s I Ix?
0 — ZF L g7k g 7z L, 7k 9

! L7 !

By passing to a subsequence we may assume that M (x2 ;) > max(2L(x;,), 4); this
will ensure that the inductive limit algebra to be constructed has real rank zero.
As in 1.6, we construct an inductive system for A with

k

A =@ Mg ® C(T)
k=1

and ¢, : A, — Ap11 so that ¢, induces X' : K;(A,) — K;(A,4+1) and the partial
embeddings are standard embeddings of type (X0 (4,7), x4 (4, 7))
We define « using a sequence of unitaries u,, € A,, chosen recursively such that

[P0 (P, ) tin41Pnt1,i 00 (WP )1 = [0, 3105 (i, ),

where [-]; denotes the class of a unitary in

1%

Ki1(0n(Pn,j)Ang1,i00(Pn,j)) = Z

(see 2.3). Set ¢ = ¢, (pn.j)Pn+1. and put
A;_’Lj—l—l _ q;’bjﬂ-lAn_’_lq;}ﬁ-l’
Bt = i e, (An) N Anaght
one checks that, under the identification K3 (A?j“) >~ Z, the range of the map

K1 (BT — Ki(A[™) (induced by the embedding Bjy*' C A%*) is [n, j]Z. Set
uy = 1; given uy,, construct u, 11 as follows. Choose a unitary w’™* € B! ¢ A"+!

iJ 17 17
such that [w} )1 = [n,jlY}(6,7). Set unyr = (B wi )un; since Puwiy™ €
Apt1 N, (Ay), one has apt1 0 @, = @, © a, (where a,, = Adu,). Then a =
lim Ad @, (u,) has the desired properties. |

3.12. Corollary. Let A be a simple unital AT algebra of real rank zero and g €
KK(A,A) such that v(g) = 0. Then there is an approximately inner automorphism
a of A such that g =1 — [a].

Proof. This follows immediately from the preceding theorem and the universal co-
efficient theorem (see [RS, 1.17]). |

3.13. Corollary. Let A and B be simple unital AT algebras of real rank zero and
g be an invertible element in KK (A, B) such that v(g) preserves positivity and the
class of the unit. Then there is an isomorphism ¢ : A — B such that g = [¢].



THE EXT CLASS OF AN APPROXIMATELY INNER AUTOMORPHISM 4147

Proof. Since ¢ is invertible, v(g); € Hom(K;(A), K;(B)) is an isomorphism for
i = 0,1; further, v¢([14]) = [15] and vo(Ko(A)") C Ko(B)". Hence, by Elliott’s
classification theorem (cf. [E, 7.1]) there is an isomorphism, ¢ : A — B, such that
v(g) = v([¢]). By the preceding corollary it follows that there is an approximately
inner automorphism « such that g = [t o ]; set ¢ = o a. |

3.14. Remark. Let Inn(A) denote the group of inner automorphisms of a C*-algebra
A and let Inn(A) denote its closure, the group of approximately inner automor-
phisms of A; further, let Inng(A) denote the subgroup of approximately inner auto-
morphisms which can be approximated by automorphisms of the form Adu with u
in the connected component of the unitary group. In [ER, 4.5] Elliott and Rgrdam
show that for A a simple unital AT algebra of real rank zero one has,

(5) Trn(A)/Tano(A) 2 lim K1 (A) /n; K1(A)

where n; ranges over the directed set of divisors of [1] in Ko(A) (we assume that
nj|n;41) and the isomorphism commutes with the canonical homomorphism from
Ki(A) to both groups. They ask whether Inng(A) must be arc-connected. By
construction the a we use in the proof of Theorem 3.1 for the case i = 1 (see 3.8) is
in Inng(A). Thus, to answer the question in the negative it suffices to find a simple
unital AT algebra of real rank zero for which Ext(K;(A), Ko(A)) # 0; there is then
an a € Inng(A) for which 71 (a) # 0 (note that 7; is a homotopy invariant). It is
also possible that ng(a) # 0 for such «, as shown below.

An outer form of the Elliott-Rgrdam invariant for a € Inn(A) may be obtained
from 79 () as follows: taking the quotient of both sides of the above isomorphism (5)
by the image of K;(A), one obtains

(n(A)/ Tnn(A))/ (Tamo(A) /Tamg(A) N Inn(A)) 2 (lim K1 (A4)/n; K1(A))/ K1 (A)
= 1(1211 TL]Kl(A)
With n; as above, let D denote the inductive limit lim D;, where D; = Z and the

map D; — Dj4 is given by multiplication by nj41/n; ; we identify D with the
divisible hull of Z[14] in Ky(A) via the map ¢: D — Ky(A). It follows that

lim' n; K (A) 2 lim" Hom(D;, K1(A)) = Ext(D, K1(A)).

With identifications as above the Elliott-Rgrdam invariant for « is ¢*(no(«)).
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